In this paper we introduce q-Szász-Mirakjan-Kantorovich operators generated by a Dunkl generalization of the exponential function and we propose two different modifications of the q-Szász-Mirakjan-Kantorovich operators which preserve some test functions. We obtain some approximation results with the help of the well-known Korovkin theorem and the weighted Korovkin theorem for these operators. Furthermore, we study convergence properties in terms of the modulus of continuity and the class of Lipschitz functions. This type of operator modification enables better error estimation than the classical ones. We also obtain a Voronovskaja-type theorem for these operators.
Introduction and preliminaries

In , Bernstein [] introduced a sequence of operators B n : C[, ] → C[, ] defined by
for n ∈ N and f ∈ C[, ]. Szász in  (see [] ) and Mirakjan in  (see [] ) generalized the Bernstein polynomial to an infinite interval as
In [] , the Kantorovich type of the Szász-Mirakjan operators was defined as
where f is a continuous nondecreasing function on [, ∞).
In the field of approximation theory, q-calculus plays an important role. In , the first q-analog of the well-known Bernstein polynomial was introduced by Lupas [] . Later on several researchers have proposed the q-analog of various operators and investigated their approximation properties [, , , ]. We recall some definitions of q-calculus (see [] ). Let k ∈ N  and q ∈ (, ) then the q-integer [k] q is defined as 
, and
Here
and
The recursion relation for γ μ is given by
where
Cheikh et al.
[] stated the Dunkl analog of classical q-Hermite polynomials and gave definitions of the q-Dunkl analog of exponential functions, an explicit formula, and recursion relations for μ > -  and  < q < , respectively:
An explicit formula for γ μ,q (k) is given by
Some of the special cases of γ μ,q (k) are defined as
The recursion relation for γ μ,q is given by
It has been observed that a sequence of linear positive operator preserve constant as well as linear functions, i.e., L n (e i , x) = e i (x) for e i (x) = x i (i = , ). These conditions hold good for
Bernstein polynomials, Szász-Mirakjan operators, Baskakov operators, Phillips operators, and so on. For each of the above operators L n (e  , x) = e  (x). In order to preserve e  and e  , King [] gave the modification of the well-known Bernstein polynomials as
The 
Operators and estimation of moments
D n,q (f ; x) =  e μ,q ([n] q x q ) ∞ k= ([n] q x) k γ μ,q (k)q k f q[k + μθ k ] q [n] q , x ∈ [, ∞). (.) Lemma . Let D n,q (·; ·) be
the operator given by (.). Then we have the following identities and inequalities:
Now in this paper, we define a q-Dunkl analog of the Szász-Mirakjan-Kantorovich operators as follows:
and f is a continuous nondecreasing function on the interval [, ∞).
It is seen that the operators K n,q are linear and positive. In the case of q = , the operators K n,q turn to the Szász-Mirakjan-Kantorovich operators [] .
-q n , and m ∈ N  , we have a recurrence relation given by
the operator defined by (.). Then we have the following identities and inequalities:
Proof Here the proof is based on Lemma ., and we can calculate only K n,q (e  ; x) and K n,q ((e  -e  x)  ; x):
Using Lemma (.), we have
on the other hand, we have
Now, we have to prove (). By linearity of K n,q and from (), (), (), we have
Similarly, on the other hand
Now, we want to transform the operators defined at (.) in order to preserve the linear function e  . Let r n,q (x) be the following sequence of real valued continuous function defined on [, ∞) with  ≤ r n,q (x) < ∞:
Then we consider the following linear positive operators:
where f be a continuous and nondecreasing function on the interval [, ∞).
Lemma . LetK n,q (f ; x) be the operator defined by (.). Then, for each
Proof Using Lemma . and (.), we havē
By using the linearity ofK n,q and (), (), () of Lemma . we obtain () and ().
Let u n,q (x) be the following sequence of real valued continuous function defined on [, ∞) with  ≤ u n,q (x) < ∞:
where f is a continuous and nondecreasing function on the interval [, ∞).
Lemma . Let K * n,q (f ; x) be the operator defined by (.). Then, for each
Proof Using Lemma ., (.) and following similar steps to Lemma ., we have the proof of Lemma ..
Korovkin's and weighted Korovkin's type approximation properties
In order to obtain the convergence results for our constructed operators, we take q = q n where (q n ) be a sequence in the interval (, ) so that
We obtain the Korovkin's type approximation properties for our constructed operators K n,q (·; ·), K * n,q (·; ·) defined by (.) and (.), respectively.
Theorem . Let (q n ) be a sequence satisfying (.) andK n,q n (·; ·) be the operator given by (.). Then, for each nondecreasing f ∈ C γ [, ∞), we have
uniformly with respect to x ∈ [
Proof The proof is based on the well known Korovkin's theorem regarding the convergence of a sequence of linear and positive operators; so, it is enough to prove the conditions 
The weighted space of the functions which are defined on the positive semi axis R + =
[, ∞) is addressed as follows: Let P ρ (R + ) be the set of all functions f satisfying the condition |f (x)| ≤ M f ρ(x), where x ∈ R + and M f is a constant depending on f . Introduce
where ρ(x) =  + x  is a weight function. These spaces are endowed with the norm
Theorem . Let (q n ) be a sequence satisfying (.) and K n,q n (·; ·) be the operator defined by (.). Then, for each function f ∈ Q k ρ (R + ), we have
Proof Using the Korovkin-type theorem on weighted approximations in [], we see that it is sufficient to verify the following three conditions:
Since K n,q n (e  (t); x) = , (.) holds for i = . Using Lemma ., we have
which implies that (.) holds for i =  as n → ∞. Similarly, we can write
which implies that
Theorem . LetK n,q n (f ; x) be the operator defined by (.). Then, for each function f ∈ Q k ρ (R + ), we have
Proof In order to prove this theorem it is sufficient to verify (.). Sincē K n,q n e  (t); x = ,K n,q n e  (t); x = x, we can easily see that (.) holds for i = , . By using Lemma ., we have
Rate of convergence
In this section we compute rate of convergence of the constructed operators in terms of the modulus of continuity and the class of Lipschitz functions: Let f ∈ C B [, ∞), the space of all bounded and continuous functions on [, ∞). Then, for any δ > , x ≥  the modulus of continuity is denoted by ω(f , δ) and is defined as
If f (x) is uniformly continuous on [, ∞) then it is necessary and sufficient that
In order to obtain the convergence result we use the following lemma.
Theorem . Let (q n ) be a sequence satisfying (.). For the operator K n,q n given by (.),
and n ∈ N, we have
where ω(f , ·) is the modulus of continuity of the function f ∈ C B [, ∞) defined in (.).
. Applying linearity and monotonicity of K n,q n and using (.), we get
Using Lemma ., with a =
, we have
Using the Hölder inequality for sums, we get
and using () of Lemma ., we have the result.
Theorem . Let (q n ) be a sequence satisfying (.). For the operatorK n,q n given by (.), for all nondecreasing f ∈ C B [, ∞),
and n ∈ N, we have If we put μ =  in (.) then we have
Again, if we put q n =  then clearly nx -  ≤ nx +   .
Now, we can also compute the rate of convergence of the our constructed operators in terms of the element of the usual Lipschitz class Lip M (ν):
Let f ∈ C B [, ∞), M > , and  < ν ≤ . The class of Lip M (ν) is defined as
Remark The further properties of the operators such as convergence properties via summability methods (see, for example, [, , ]) can be studied.
Conclusion
In this paper we have constructed and investigated a Dunkl analog of the qSzász-Mirakjan-Kantorovich operators which preserves the test functions e  and e  . We have showed that our modified operators have a better error estimation than the classical ones. We have also obtained some approximation results with the help of the well-known Korovkin theorem and the weighted Korovkin theorem for these operators. Furthermore, we studied convergence properties in terms of the modulus of continuity and the class of Lipschitz functions.
